Introductory review.
The one dimensional (1D) theory of natural modes has been addressed through the application of at least two related approaches: the extinction theorem and the Sturm-Liouville theory.
• The extinction theorem implements the integro-differential equations of scattering and translates the problem into eigenvalues terms for the integro-differential equations. The principal difference from the classical theory of integral equations is that the eigenvalues bring nonlinearity into consideration.
• The discussion of mathematical methods for the classical Sturm Liouville theory of 1D problems generates a "Sturm-Liouville" theory for special 1D problems. The eigenfunctions can be demonstrated to be overcomplete, allowing the expansion of the field into natural modes inside, and at least up to the boundary of the open cavity.
Extinction theorem approach (Natural Modes).
A general definition of Natural Modes (NMs) of an electromagnetic (e.m.) or scalar field arising in relation to scattering issues has been given by Pattanayak and Wolf [1] . They defined NMs for a body of any given constitutive relations, bounded by a closed surface S, as the set of well-behaved outgoing solutions of Maxwell equations that obey the continuity conditions at the boundary S (a similar definition can be formulated for the NMs of potential scattering). The solutions of Maxwell equations satisfying these conditions were demonstrated by Wolf and Pattanayak [2] to be the eigenfunctions of the homogeneous portion of the integro-differential equations of e.m. scattering with suitable eigenvalues, or solutions to Maxwell equations that satisfy a nonlocal boundary condition. These two formulations are considered equivalent.
Topic and structure of the paper.
The present paper proposes a comparison between the extinction theorem [1, 2] [8] [9] [10] [11] and the Sturm-Liouville theory [14] [15] [16] [17] [18] [19] [20] [ [21] [22] [23] [24] approaches for calculating the e.m. field inside an optical cavity We discuss for the first time to the best of our knowledge, in the framework of classical electrodynamics, a simple link between the Quasi Normal Modes (QNMs) and the Natural Modes Finally, an outline is presented of the somewhat lengthy calculations in the appendices.
The Quasi Normal Mode (QNM) approach.
In ref. [24] , we formalized suitable "outgoing wave conditions" for an open cavity without external pumping. More explicitly than Leung's refs. [14] [15] [16] [17] [18] [19] [20] , a Laplace transform of the e.m. field is considered, to take the cavity leakages into account, and it is noted that, only in the complex domain defined by a 2 π -rotated Laplace transform [26] , can the Quasi Normal Modes (QNMs) be defined as the poles of the transformed Green function, with negative imaginary part.
Moreover, ref. [24] clarified the role of the complex Green function formalism for the definition of the QNMs; these considerations are reported there in more detail compared to those already presented in refs. [21, 22] 
The refractive index is characterized by [14] [15] [16] [17] [18] [19] [20] :
• the discontinuity conditions, i.e. ( ) n x presents a step at 0 x = and x d = (in this hypothesis a natural demarcation of a finite region is provided);
• the no tail conditions, i.e. 
for 0 
Moreover, only for long distances from the open cavity, the QNMs do not represent e.m. fields because they satisfy the QNM "asymptotic conditions" [21] [22] [23] [24] , 5) while, inside the same cavity and near its terminal surfaces from outside, the QNMs represent nonstationary modes, in fact the asymptotic conditions (2.5) imply the "formal" QNM "outgoing waves" conditions [21] [22] [23] [24] :
The conditions (2.6) and (2.7) are called "formal" because they refer to the QNMs which do not represent e.m. fields for long distances from the open cavity, and "outgoing waves" because they are formally identical to the real outgoing waves conditions for the e.m. field next to the surfaces of the cavity. In fact, eqs. (2.6) and (2.7) for the QNMs can be derived if and only if the requirement of outgoing waves holds for the e.m. field.
QNM eigenfrequencies and eigenfunctions of a linear Fabry-Perot cavity.
In this section, the Quasi Normal Mode (QNM) approach is applied to a linear Fabry-Perot (FP) cavity.
Suppose that the refractive index of the material inside the same linear cavity is [27] :
If the e.m. field equation (2.4) is solved, adding the outgoing waves conditions (2.6) and (2.7), the QNM eigenfrequencies of the FP cavity are calculated, as shown in the following relations
where The QNM eigenfunctions of the same cavity are in turn expressible as 4) where N is a suitable constant of normalization.
Some useful results are reported, involving the QNM frequencies (3.2)-(3.3): moreover, the outgoing wave conditions (2.6) and (2.7), referred to the QNMs, can be cast in symmetric relations, as follows:
which can be calculated as 2 0 , ,
where , p q δ is the Kronecker delta. Eq. (3.9) is derived after some algebra, first inserting eq. (3.4) and then applying eqs. (3.5).
The norm of the QNM function (3.4) is a complex number, given by the following expression [14] [15] [16] [17] [18] [19] [20] 
If a normalized version of the QNM function is adopted, corresponding to
4. A deeper examination of the Natural Mode (NM) approach.
In comparison with the choice of Pattanayak and Wolf in refs. [1, 2] that the Green function of the 3D universe satisfies some local "outgoing wave conditions" at infinity, in this section we underline that it is possible to define a suitable equivalent Feynman complex propagator of the onedimensional (1D) universe which satisfies some other local "incoming wave conditions" at infinity.
Then, unlike the Hoenders and Bertolotti assertion in ref. [12] that the class of Natural Modes (NMs) [8] [9] [10] [11] for an open cavity should coincide with the Quasi Natural Modes (QNMs) [25] 
Green function of the one dimensional (1D) universe.
The one dimensional (1D) universe is modelled as an infinite 1D cavity, The Green function of the 1D universe [27] solves the equation
and satisfies the symmetry property [27] :
In the Green function (4.1), the e.m. field 0 ( , , ) and satisfies the symmetry property (4.2) can be replaced by the complex propagator
where the unit step function ( ) x θ is defined as: 
NM definition.
Start again from the same cavity of length d , filled with a refractive index ( ) n x and enclosed in an infinite external space [ fig.1 ].
The Natural Modes (NMs) of the open cavity [1, 2] are defined as some eigensolutions ( ) [ , 
4.2.a. First theorem on NMs.
Next, the extinction theorem (NMs) and the Sturm-Liouville theory (QNMs) approaches are 
but with the boundary conditions next to the terminal surfaces of the cavity [which are not the boundary conditions of eqs. (2.6) and (2.7)]:
The demonstration of these assertions is given in Appendix B.
A more refined mathematical analysis shows that the expressions on the right side of eqs. 
4.2.b. Second theorem on NMs.
Some remarkable relations permit evaluation of the NM eigenfunctions of an open cavity next to the surfaces of the same cavity:
Linking the NMs and the QNMs of an open cavity.
In this section, we describe and provide the proof and physical interpretation of a fundamental theorem on the Natural Modes (NMs field which satisfies the "outgoing waves conditions" can be transformed in an e.m. field which satisfies some "incoming waves conditions" by simply changing the sign of the frequency. Unlike
Hoenders and Bertolotti's ref. [12] , a physical interpretation is provided for the link involving the NMs [8] [9] [10] [11] and Quasi Normal Modes (QNMs) [25] .
A further important general property of NMs is that they can exist in a medium without the presence of a driving field. This can be explained in terms of internal (electron) oscillations of the scatterer: the oscillations continue for some time even after the driving field is gone.
In addition, some remarkable relations regarding the NMs are converted in the dual relations for the QNMs. The demonstration of this assertion is provided in Appendix C.
A fundamental theorem on NMs.
Below is a discussion of the interesting physical interpretation of the theorem just introduced.
Again with reference to fig.1 
First-order Born approximation.
In this section, we apply the first-order Born approximation to a linear Fabry-Perot (FP) cavity proving that, compared to the approximation of the universe mode eigenfunctions [29] , the first-order Born approximation for an FP cavity [27] better approximates the envelope of the Natural Mode (NM) eigenfunctions. In contrast with the universe mode approximation, the firstorder Born approximation satisfies the "formal" NM "incoming waves" conditions.
From expressions (4.6) and (4.7) it is clear that if 
it is plausible to assume that a good approximation will be obtained for the NM eigenfunction 
Inserting, in the expression (6.4) for the NM eigenfunctions of the cavity, the expression (6.3)
for the modes of the universe and the expression (4.3) for the Feynman propagator, eq. (6.4) can be explicited as
Linear Fabry-Perot (FP) cavity.
A Fabry-Perot (FP) cavity is now modelled as a finite cavity 
so the first-order Born approximation for the NM eigenfunctions (6.5) can be specified for a FP cavity as:
the Sinc-function being defined as:
First-order Born approximated and actual QNM eigenfunctions.
In this sub-section the following two properties are addressed:
• Even if the QNM eigenfunctions for a Fabry-Perot (FP) cavity satisfy eqs. (3.7) and (3.8), in any case the first-order Born approximation modifies the QNM eigenfunctions into approximated QNM eigenfunctions satisfying different boundary equations. This means that such an approximation eliminates the symmetry properties due to the presence of the term
• The first-order Born approximation for an FP cavity introduces symmetry breaking: in fact, each Born approximated QNM eigenfunction produces values below or above the actual QNM eigenfunction value on the terminal surfaces of the same cavity. Consequently, the two error-functions for an approximated QNM are not equal in proximity to the two terminal surfaces of the cavity.
As from eq. (6.12), according to the first-order Born approximation for a Fabry-Perot (FP) cavity, the NM eigenfunctions and their first derivatives on the terminal surfaces of the cavity are calculated as:
By combining the pairs of equations (6.13), (6.15) and (6.14), (6.16) , the formal NM incoming waves conditions (4.8) and (4.9) are re-obtained, here reported for convenience:
Thus, compared to the approximation (6.3) of the universe mode eigenfunctions, the first-order Born approximation (6.12) for a Fabry-Perot (FP) cavity better approximates the envelope of the NM eigenfunctions. In contrast with the universe mode approximation (6.3), the first-order Born approximation (6.12) satisfies the formal NM incoming waves conditions.
By combining the pairs of equations (6.13), (6.14) and (6.15), (6.16), according to the firstorder Born approximation for an FP cavity, the link(s) between the pair(s) of values for the NM eigenfunctions (and for their derivatives) on the two terminal surfaces of the cavity are derived: 24) and the "transfer function" for a Fabry-Perot (FP) cavity under the first-order Born approximation as:
Assuming the QNM eigenfunction on the left surface of the same cavity as an arbitrary constant, i.e. 
it follows that the error-function for the approximated k th QNM, in proximity to the left surface of a FP cavity is:
Recalling eq. (3.7), the QNM eigenfunction on the right surface of the same cavity is
and applying eq. (6.26), the approximated QNM value is
following that the error-function for the approximated k th QNM, in proximity to the right surface of the FP cavity is:
As from eqs. (6.33) and (6.36), the first-order Born approximation for an FP cavity introduces symmetry breaking: in fact, each Born approximated QNM eigenfunction produces values below or above the actual QNM eigenfunction value on the terminal surfaces of the same cavity.
Consequently, the two error-functions for an approximated QNM are not equal in proximity to the two terminal surfaces of the cavity.
If the modulus of the arbitrary constant N′ is determined as = of the same cavity, which is reduced to: 
and it is almost null in correspondence to the QNM the order-number of which is the integer-part of: , it is plausible to assume the cavity as a medium which scatters very weakly, so that the refractive index of the cavity differs only slightly from the value in the universe.
• A further important general property of NMs is that they can exist in a medium without the presence of a driving field. This can be explained in terms of internal (electron) oscillations of the scatterer: the oscillations continue for some time even after the driving field is gone. In conclusion, the novelty of this paper is the establishing of a link between QNM and NM bases and the consequent discussion about the application of the two expansion methods. In future, the choice between the two methods can be made starting from a coherent and solid theoretical base. the Green identities [30] in the one dimensional (1D) universe, the first inside the open cavity,
and the second outside the same cavity,
]
Second Green identity.
It can also be demonstrated that: 
the second on the left side of the same cavity, 4) and the third on the right side of the cavity,
Third identity.
Finally, it can be demonstrated that:
if the Laplace transform ( , ) E x ω ɶ for the e.m. field solves eq. (2.1) without specifying the boundary conditions, then the following identities are satisfied:
] 
